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INSTRUCTIONS: Answer guestion one and any other two questions.

QUESTION ONE (30 MARKYS)

a)

b)
0)

d)

f)

Define the term unit group of aring (R, +,.) . (2

marks)

Determine the unit group of thering (Z, +,.) of integers. (3 marks)
i) Define the left ideal of aring . (2 marks)

i) Provethat inaring M, of all 2 x 2 matrices over integers, the set
U={[* 9]:ab €2z} isaleftidea but not aright idesl.

b 0
(6 marks)
i) Define homomorphism of rings. 3
marks)
ii) Provethat thefunction f : (Z,, +4,4) = (Z,,+,,,) defined by f(0) = f(2) =0
and f (1) = f(3) = 1 isahomomorphism. 5
marks)

Show that the polynomial f(x) = x3 + x + 1 isirreducible over the field F of
integersmodulo 5i.e (F, +5,'5).

(5
marks)
Find al the zero divisors of Z,,, . (4 marks)
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QUESTION TWO: (20 MARKYS)

a) i) Define asubring of aring R. (3 marks)
ii)Let s={a+bV3: ab € Z}. Show that S isasubring of thering R of real numbers.
(6 marks)
b) i)Let (R,+,") bearingand (1, +,") beanideal of thering (R, +,"). Provethat (I, +,) isa
subring of (R, +,). (6 marks)
ii) Using thering (Q, +,-), of rational numbers and the subring (Z, +,-) of (Q, +,-), prove
that a subring is not necessarily an ideal of the ring. (5 marks)

QUESTION THREE: (20 MARKYS)

a) Find the greatest common divisor of the following polynomials over F, the field of
rational numbers: x2 + x — 2 and x> — x* — 10x3 + 10x2 + 9x — 9. (7 marks)
b) Provethat x3 — 9 isirreducible over the field of integers modulo 31. (10 marks)
C) Prove that the polynomial f(x) = 1 + x + x3 + x* is not irreducible over any field F.
(3 marks)

QUESTION FOUR: (20 MARKS)

a) Explain the following terms as used in ring theory;
)] Binary operation. (2 marks)
i) Ring. (2 marks)
iii) Integral domain. (2 mark)
iv) Quotient ring. (2 mark)
V) Zero divisor of aring. (2 marks)

b) Prove that the intersection of two subringsof aring R isasubringof R. (5 marks)
C) Let (Z, +,") bearing of integersand (5Z, +,-) beanideal generated by 5. Prove that the

system (Z/SZ' +,-) isaquotient ring. (5 marks)
QUESTION FIVE (20 MARKS)

a) Provethat theset Z of integersisaring with respect to addition and multiplication.

(20 marks)
b) Provethatthe ({0,1,2,3,4,5}, +¢,X¢) iSaring with zero divisors.
(5 marks)
C) If R isacommutativeringand a € R, show that aR = {ar : r € R} isatwo sided ideal of
R.
(5 marks)
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